This paper presents the flight path planning algorithm in a 3-dimensional environment with fixed obstacles for small unmanned aerial vehicles (SUAVs). The emergence of SUAVs for commercial uses with low-altitude flight necessitates efficient flight path planning concerning economical energy consumption. We propose the visibility roadmap based on the visibility graph approach to deal with this uprising problem. The objective is to approximate the collision-free and energy-efficient flight path of SUAVs for flight missions in a considerable time complexity. Stepwise, we describe the construction of the proposed pathfinding algorithm in a convex static obstacle environment. The theoretical analysis and simulation results prove the effectiveness of our method.
Introduction
In recent years, the small unmanned aerial vehicles (SUAVs) are gaining much attention due to lightweight, inexpensive, and low-altitude flights. Meanwhile, the SUAV encounters an increasing number of obstacles at low altitude. It increases the probability of collision during missions. The autonomous obstacle avoidance technology is one of the main development trends in this domain and energy consumption reduction is a significant concern for SUAVs. Due to the limitation of carried payloads on the SUAVs, the endurance of flight operation will be primarily dependent on control management, including optimized path planning.
The obstacle-avoidance pathfinding problem has been a major research field for autonomous robotics in 2-D space and aircraft and UAV path planning in 3-D environment. Probabilistic roadmap (PRM) [1] and rapidly exploring random tree (RRT) [2] arbitrarily generates the waypoints and flight paths using randomness and stochastic methods. The selected path is optimized and trained by machine learning techniques such as ant colony algorithm (ACO) [3] , evolutionary algorithm (EA) [4] , or particle swarm optimization (PSO) [5] . The optimization step depends on running duration of the selected machine learning algorithm. Slow but robust, they are dedicated for offline path planning in complex environments.
The appropriate approaches of finding a path in high resolution and large-scale data point maps are uniform grid [6] , navigation mesh [7] , Voronoi diagram [8] , visibility graph [9] , and Silhouette method [10] . All these discrete methods create a graph and the graph traversal locates the optimized path by pathfinding algorithms such as Dijkstra [11] , A * [12] , or newly developed algorithms which are variations of A * such as Jump Point Search [13] . The paths generated by these methods have a huge number of heading changes except the visibility graph. The issue is addressed by algorithms such as Field D * algorithm [14] using interpolation computation or Theta * [15] which combines the visibility checking with uniform grid method.
Artificial Potential Field (APF) [16] appears to be a promising applicable obstacle avoidance method for SUAV as it requires little computation time [17, 18] . However, this approach is typically efficient for the 2-D environment and limited shape of obstacles such as spheres, cylinders, or cones, and the process easily converges into local minima. Moreover, the APF method does not create an optimized path.
A lot of research has been done in the area of pathfinding and so many algorithms had been proposed. However, the SUAV energy-efficient path selection is a daunting research so far. Nachmani [19] presented a model which followed Carson's speed theory [20] to calculate the energy cost between uniform grids for fixed wing UAVs. Likewise, Phung and Morin [21] provides a calculation for vertical take-off and landing (VTOL) type UAVs. These energy conservation models considered the energy consumed in the form of potential energy, kinetic energy, and heading change energy. However, these methods did not consider the existence of obstacles.
In this paper, we focus on energy-efficient pathfinding that takes into account 3-D paths having a low number of obstacles and low number of heading changes. We exploit flight path planning and obstacle avoidance techniques in the topic of energy consumption optimization. Clearly, a Euclidian-shorter flight path which takes place above obstacles may incur more energy consumption in comparison with a longer but stable straight flight path. In this paper, we suggest a novel approach named 3-D visibility roadmap, an extension of visibility graph in 3-dimension to plan an optimized flight path for SUAVs. It will provide the flight energy consumption reduction. We also describe the method to reduce the time of flight path selection to be adaptable to users' interaction experience.
The paper is organized as follows: Section 2 describes the problem statement and background. Section 3 emphasizes on our contribution to this problem and explains in details about the functioning method of our algorithm. Our simulation and evaluation are presented in Section 4. This section also discusses the advantages and disadvantages of this approach. Section 5 states our conclusions and future work. We model the map elevation data with a set of convex obstacles by calculating the convex hull. Figure 1(a) shows the modeling of the 3-D map using the DTED standard [22] , and Figure 1(b) shows the obstacles in the flight path planning that should be avoided. Considering the object modeling and pathfinding in the 3D environment, the paper research problem statement can be summarized as finding an efficient energy consumption flight path in 3-D configuration space of static convex obstacles and wind field under maneuverability of SUAV.
Pathfinding in 3-Dimensional Digital Map

Visibility Graph.
The visibility graph is one of the pathfinding approaches for autonomous robots in a known environment. The strongest point of the approach is to calculate the true shortest path with the least heading changes. We can define heading changes as the total number of turns in the shortest path. Finding an efficient flight path at the cost of time complexity of this algorithm is always the most concerned issue of researchers. In the subsections below, we briefly introduce the studies related to visibility graph.
2.2.1. 2-Dimensional Space. The visibility graph approaches are centered on the geometric aspect of the shortest path problem. Lee [23] proposed the pathfinding algorithm based on the binary search tree and had the running time up to O(n 2 logn). Consecutively, several other algorithms with similar method could run in O(n 2 ) time [24] [25] [26] . Mitchell [27] showed a method to compute the shortest path in O(n 5/3+ε ) time which was improved later to O(n 3/2+ε ). Hershberger and Suri [28] developed an algorithm for searching the path along the direct line connecting the start node and the destination node and had an optimal time complexity of O(nlogn). In a particular case, when the environment consists of only convex polygons, to the best of our knowledge, the least computing effort of this method was derived by Hans Rohnert in O(n + f 2 logn) time with f as the number of supporting segment in the visibility graph [29] . [32] proposed the algorithm for finding the shortest path in the 3-D environment in a single exponential upper-bound time complexity. The shortest path is found in polynomial time by selectively assigning nodes on obstacles and searching in the visibility graph connected by these nodes [33] [34] [35] [36] [37] . As far as we know, there has not been any progress in discovering lightweight methods for visibility graph in 3-D environment. Furthermore, there has not been any applications of visibility graph to the energy estimation in the path planning problem.
The Visibility Graph Approach for Energy Consumption Optimization
The nomenclature used in this paper is listed in Nomenclature.
The optimality and flight stability of visibility graph bring benefits for the energy consumption control. Therefore, we extend this method to apply for our specific problem of pathfinding with convex obstacles in the 3-D digital moving map. However, to create an adaptable approach, we have to reduce the complexity of the method to an acceptable limitation. For that purpose, we propose a two-stage procedure: preprocessing phase and searching phase. Firstly, in the preprocessing phase, we create a full visibility graph called Visibility Roadmap which stores every possible connection of traversable waypoints having the direct line of sight with others in a node set N and an edge set P. We reduce the number of processing nodes by sampling traversable waypoints with an altitude interval d cut . The modeling data of the environment and the roadmap is created offline in base stations. This data will only be processed one time. Secondly, the searching phase begins when the pathfinding module receives starting coordinate and destination coordinate. By connecting these coordinates to the roadmap, we obtain the optimized flight path using A * algorithm as soon as the mission starts.
Roadmap Creation Algorithm.
In this subsection, we present the description of the roadmap and its generation algorithm. A given digital map M is represented by elevation values in a 3-D scalar matrix. Roadmap Г is a set of waypoints and connection flight paths between waypoints. Mathematically, it is a directed double edge graph in which all visible vertices are interconnected: Γ = N, P . To construct the roadmap, the first step involves sampling of the 3-D for possible waypoints. The map is divided into k-layers by k horizontal planes with equal distance d cut from H min to H max . We find the waypoints located within the boundary of the obstacles by calculating the intersection points of cut plane and edges of the obstacle. If the cut plane is higher than the obstacle, then we determine a single waypoint that locates above the obstacle which has the same altitude as the cut plane. After that, we enlarge the obstacle by a safe distance, which means pushing the intersections by a D safe out of the obstacle. The new enlarged vertices' coordinate shall be stored in N set. Figure 2 presents the visualization of processing a single obstacle during the algorithm.
After discovering the node set N, we create the edge set P with visibility check. The time complexity of the algorithm depends heavily on the line of sight checking function. Given the convex characteristic of obstacles, we could derive a method to compute the line of sight in linear time. Figure 3 shows the steps of extending the obstacle and line of sight checking function.
There are two different cases in the checking procedure; for example, the pair of nodes is within the same obstacle or located on different obstacles. Regarding the convex characteristic, the origin and destination nodes possess the direct line of sight if they are in the same facet. Otherwise, they do not see each other. Come to the case of nodes originated from different obstacles, we process by exploiting convex intersection algorithm below [38] to check the visibility.
The line of sight checking algorithm considers an obstacle as a convex polyhedron Ω consisting a set of convex polygon faces F i where i is a polygon face. The face is selected accordingly to the order in the doubly connected edge list (DCEL) of the obstacle as described in Section 2. The DCEL data structure enables us to easily compute the normal vector of F i called n i that has the outward direction to the obstacle. That means every point P i which is on the side of n i is exterior to the obstacle. Let us call V i as a point in the plane of face F i ; we choose the vertex F i for simplification. Denote P 0 and P 1 as the two waypoints in space. A line segment S = P 0 P 1 represented by a parametric equation P(t) is the line of sight between these two waypoints. If this line segment intersects with a convex polyhedron, the line of sight is blocked by the current-progressed obstacle, as depicted in Figure 4 .
According to basic geometry, the intersection occurs when P t -V i × n i = 0. Therefore, the value t i is computed as V i − P 0 × n i / P 1 − P 0 × n i . Because the normal vector n i points to the outward direction of face plane, we can specify the value of t i when the line segment S is entering or leaving. For example, P 1 -P 0 × n i < 0 when t i is entering and P 0 -P 0 × n i > 0 when t i is leaving.
We need to compute t E = max (0, t i that are entering) and t L = min (1, t i that are leaving). If the order of t E and t L is 3 International Journal of Aerospace Engineering 0 ≤ t E ≤ t L ≤ 1, then the line segment S intersects with convex polyhedron Ω. It also means that the visibility check result is false. While checking the line of sight between each pair of elements in the set of nodes, if they have the direct line of sight, the connection (origin node and destination node indexes) is stored as an edge.
We summarize the algorithm of the roadmap generation as a pseudocode below.
With linear time complexity of the line of sight checking algorithm, the time complexity of the roadmap creation algorithm is O((nkf) 2 ) where n is the number of obstacles, k is the number of layers, and f is the number of facets.
Energy Consumption Model.
In this paper, we consider a 25 kg fixed wing SUAV. Since our prototype SUAV structure has similarities with [19] , we extended this concept of the energy consumption to select the efficient path using the roadmap.
The total energy for traveling between a specified start node and the destination node would be the sum of the total energy spent in traveled edges. Hence, in order to calculate the energy of a path which consists of multiple straight flight paths, we need to compute energy consumption ΔE i,j going through each straight line with distance Δd from node i to node j ( Figure 5) . The difference in the total energy consumption should be the sum of differences in potential energy and difference in kinetic energy plus the energy used to turn the SUAV between arcs.
Assume that there is no energy gain for SUAV during decreasing altitude, the difference of potential energy is given as
To calculate the kinetic energy, we focus on optimizing the velocity which depends on the drag-to-lift ratio of the SUAV. In his work, Carson [20] represented the drag-to-lift ratio as
where V is the flight speed and A and B are variables calculated by air density; SUAV's parameters are given as
Most of the parameters are dependent on the structure of SUAV; here, W = mg is the aircraft's weight, b is the wing span, f is the parasite area of the aircraft, and e is Oswald's efficiency factor of the SUAV. In addition, ρ h is the air density at altitude h given in [39] :
Here, P 0 is the sea level atmospheric pressure [20] . If we assume that the consumption efficient of the SUAV is 100 percent, then this ratio is proportionate to the energy consumption, with or without the effect of wind force. 
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For a zero-wind scenario, the kinetic energy consumed will only be used to overcome the drag force D on a straight flight.
Because the lift force L is equal to SUAV's weight, if the SUAV flies with the constant optimum Carson's speed, we have
The next step includes the effect of the wind field. Practically, the operation range of SUAV is within 10 km, thus we can apply constant wind field in the configuration space. Considering a reference frame based on the plane comprising of wind velocity vector V wind and optimum speed V opt between node i and node j, let us call β and γ as the angle of V opt and V wind to this reference's horizontal axis, respectively. In order to keep the optimum speed, assuming that the minimum velocity of the SUAV can overcome the wind force, the SUAV needs to make The duration for giving the controlled speed V c equals to the duration used to travel with optimum speed from node i to node j, which means t = Δd/V opt . The new equation for kinetic energy was derived as
The V opt , in this case, can be computed by
Following the calculation from [19] , the consumed energy for turning between two arcs could be approximated by
where σ is the steepest rolling angle that the SUAV needs to take for turning. In the end, from (5), (8) , and (9), the energy consumption for travelling between two nodes i and j is calculated as follows:
3.3. Bounded Energy Space. The time complexity of pathfinding increases with the increase in number of obstacles, layers, and facets in the visibility road map. To overcome this shortcoming, we define a bounded energy space in the region of interest to obtain an energy-efficient flight path with high probability. Figure 7 illustrates the energy space creation. First, draw a straight line between the source and destination which is called the energy axis. The shortest and energy-optimum path for SUAV is a straight line path in the absence of obstacles between source and destination. Second, select those obstacles whose edges intersect with the energy axis. By connecting the vertices of the selected obstacles, it will result in energy space 1 boundary. Third, select the obstacles whose edges intersect with the boundary of energy space 1 by connecting their vertices. It will result in energy space 2 boundaries. The obstacles that are inside energy space 1 and energy space 2 boundaries make a configuration space R 3 . We called this configuration space as bounded energy space. The details for each step are given in Figure 7 .
For a given 3D map, the configuration space for SUAV is simply defined as the set of configurations at which the SUAV can intersect with obstacle QO i and the set of free configurations Q f ree , that is,
where q is configuration and Q is configuration space. Wo i is the work space for SUAV as explained in [40] . Figure 7 shows the configuration space having a set of obstacle configuration QO i and a set of free configurations Q free in 3D space.
Energy axis E axis is the straight energy optimum path between source and destination in the complete configuration space. Energy space QO e i consist a set of obstacle space that contains obstacles whose edges intersect with the energy axis we called energy space 1. The energy space QO e i can be represented as follows: International Journal of Aerospace Engineering where ζ Ei define the bounded energy space which contains the obstacles that intersect with the energy axis as shown in Figure 7 . We can generalize (3) for energy space 2, 3, …, n as follows:
In this paper, we will only extend our energy space up to 2. The energy space extension depends on the number of obstacles in the bounded energy spaces 1 and 2. Algorithm 2 shows the procedure of finding the bounded energy space.
A question which arises in the mind is, how will the proposed algorithm ensure an energy-efficient flight path in such a small portion of map? So, to solve this ambiguity, we perform 500 experiments on different maps with the number of obstacles varying from 5 to 50. In each experiment, the source and destinations are randomly selected with random placement of obstacles having different heights. From these experiments, we find the geometric position of the efficient energy path in the map. After analyzing the geometry of the efficient energy path, we start finding the probabilities of efficient energy path in our bounded energy space. From the results, we found that the probability is 0.80 to find an efficient path in energy space 1 and energy space 2. Figure 8 shows the workflow of the bounded energy space algorithm.
3.4. Searching Phase. The searching phase starts by loading the map configuration with obstacles data, nodes set, and edges set in the bounded energy space. This process takes O(nkf) running time. Instead of using the Dijkstra search algorithm, we want to speed up the search process by using A * algorithm. Here, we minimize the determining function f(n) by cost function g(n) = ΔE i,j (11) and heuristic function h(n) which is the Euclidian distance between the current processed node and the destination node. During the path selection process, we include a physical constraint of SUAV which is maximum flight steering angle to reduce the number of traversable edges. Then, we calculate the energy cost of expected traversable paths.
Evaluation and Discussion
We conducted a simulation to demonstrate the capability of finding the efficient energy consumption flight path of the visibility roadmap. The tested simulation hardware is an Intel International Journal of Aerospace Engineering Core i5 2.80 GHz CPU and 8 GB memory desktop. In this simulation, we generate the convex polyhedral obstacles arbitrarily. As expected, the time to generate the roadmap increases rapidly as the number of obstacles rises (Table 1 ). Figure 9 illustrates a full connecting roadmap.
The parameters of the SUAV and the environment are given in Tables 2 and 3 .
To the best of our knowledge, the uniform grid algorithm proposed by Nachmani [19] is the most updated and similar work to ours. In Nachmani's method, a grid cell only considers nine adjacent cells which located on the straight path from the start node to the destination node as neighbor nodes. Therefore, we implement his method as a comparison method for this approach. To be fair-minded, we also separate his algorithm into 2 phases: map modeling phase and searching phase. In the searching phase, we use A * algorithm for both methods. We present the visualization of these two methods in Figure 10 . The red plot indicates our method and the blue plot represents the grid method.
Based on the simulation results (Tables 4 and 5 ), we explicitly see that the path generated by the visibility roadmap always has a reduced energy consumption compared with the grid method (12% in average of 50 runs). This is due to the reduction of distance of the former algorithm which is 5% less than the later algorithm and 62% smaller number of heading changes. In most of the cases, both Input: 3D map with edge and node sets Output: Bounded energy space QO e i+1 1.
E axis ← straight line between source and destination 2.
for each obstacle in the given map 3.
QO e i ← select the obstacles intersecting with the E axis 4. end 5.
for each intersected obstacle 6.
ζ Ei ← join their vertices with source and destination // energy space 1 created 7. end 8.
for each obstacle in the given map 9.
QO e i+1 ← select the obstacles intersecting with ζ Ei // energy space 2 created 10. end Algorithm 2. Bounded energy space selection The energy unit is calculated in Joule, and the unit of distance is in meters. Map size is 600 × 600 × 300 (meters) with 20 obstacles. 9 International Journal of Aerospace Engineering methods could find a similar path in terms of elevation. Figures 11 and 12 visualize the difference between performances of the two compared methods. Figure 13 reports the computational efficiency of the proposed visibility roadmap scheme in comparison with grid method in synthetically generated maps. The average computation time taken by the proposed technique for pathfinding is only 0.68 s, which is much lower than the computation time of the grid method. This is expected since our approach does not use the complete visibility Table 5 ; (b) based on map size in Table 6 . The energy unit is calculated in Joule, and the unit of distance is in meters. These are normalized values after five stochastic runs. Table 5 ; (b) based on map size in Table 6 . 10 International Journal of Aerospace Engineering roadmap. The computational efficiency of the proposed technique will be useful for real-time pathfinding in static maps for UAVs. To compare our proposed algorithm to the existing grid method, we also conduct some experiments on real-world datasets available at NYC Open Data (2017). Table 6 shows the performance of the proposed method which shows 10% improvement in path length an average of 49.8% improvement in energy than the existing grid method. The average computation time for the proposed method is 1.8 s when the number of obstacle is 30 in the selected dataset.
Conclusions
This paper presented an algorithm of finding the most efficient power consumption flight path for the small unmanned aerial vehicle (SUAV) in the 3-dimensional terrain provided by a digital map. The research contributed a solution to the sprouting demand for an obstacle-free path that efficiently utilize the battery power to perform the task of SUAV. In this paper, we dealt with the problem of efficient energy pathfinding in an environment with a number of convex obstacles and wind force field. We introduced the 3-D visibility roadmap which modeled airspace from a digital map to a graph representation using the bounded energy space. First, we model the visibility roadmap of the bounded energy space to reduce the time complexity. Second, we found efficient energy path in the graph using the graph search method based on the energy estimation cost function. The empirical results indicated that the proposed scheme had better results to find efficient energy path in less and comparable time complexity. In future work, we are focusing on real-time unknown obstacle detection and avoidance.
Nomenclature
M:
Digital map data Γ:
Roadmap N:
Traversable waypoints set in space P:
Traversable paths set between waypoints б:
Maximum steering angle H min : Minimum flight height H max : Maximum flight height D safe : Safe distance when approaching obstacles n:
Number of obstacles γ:
Heading angle B:
Wind vector angle K:
Number of cut layers E:
Energy consumption LOS: The line of sight between two waypoints Z max : Maximum altitude of an obstacle d cut : Distance between cut layers.
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